For the construction in cold regions, frost heave and thaw settlement are the two factors which must be taken care of. Considered that a saturated soil column was subjected to an overburden pressure to model the ice lens growing process. A typical process, which coupled water, heat, and stress that happened in a saturated freezing soil column, was simulated by the finite element software. We did the numerical simulation under the same conditions as the experiment tests and then compared the results from temperature, frost heave, frozen structure, water content, and water intake. Result shows that the simulation results match well with the experimental results, and the correctness of the mathematical model is validated. On that basis, frost heave amount under different conditions by changing the temperature boundary and loading boundary is obtained. The frost heave has an optimum temperature gradient. Under the optimum value, the frost heave amount increases with increasing temperature gradient. Above the optimum value, frost heave decreases with increasing temperature gradient. Increasing the overburden pressure, frost heave amount always decreases. These results can provide references for the constrictions in cold regions.
Introduction
The study on frost heave is always a hot subject in the frozen soil research field. There is a great difference in frost heave characteristics for different kinds of soils. The main destructive aspects of frost action in freezing soil are frost heave and thaw weakening. Frost heave refers to the volume expansion when a soil freezes. Significant frost heave is usually due to the water transfer and accumulation. In the meantime, frost heave is responsible for the thaw weakening. Frost heave damage of porous media in cold regions is well known [1] . Thus, it is crucial to study and predict frost heave of freezing soil.
The phenomenon of frost heave has been noted since the late 17th century. In recent century, people did much work on frost heave. Studies on frost action in soils flourished in 1960s to 1980s. The first explanation of frost heave was based on the capillary theory, which was proposed by Sill and Skapski [2] . In the capillary theory, capillary suction at the ice-water interface in frozen fringe was taken as the driving force of moisture migration. According to unfrozen water dynamics, a model which considered the phase change and water migration was built [3] . Guymon and Luthin [4] through computation found Harlan model could well predict water migration but could not predict frost heave. Taylor and Luthin [5] ignored the term of convection and heat transfer and simplified Harlan model. They believed that the soil produces frost heave when the volume of ice content exceeded 85% of the porosity. Frost heave is a process of coupling water, heat, and stress that interact in essence. Shen and Ladanyi [6] presented a model which coupled the stressstrain behavior of the frozen soil to heat and mass transport and frost heave was estimated by summation of the volume expansion due to the ice segregation, at last the numeric analysis was executed on computer. Li et al. [7] established a frost heave model which coupled heat-moisture-mechanic. Furthermore, Chen et al. [8] considered the interaction of ice water, gas, and soil grain and established the theoretical frame of multiphase porous medium for the freezing soil. These models mentioned above can predict the frost heave and water migration, but none of them considered the ice lens.
Mathematical Problems in Engineering
With deepened understanding of frost heave, a number of works have investigated the development of models to predict frost heave that include the ice lens formation. Gilpin [9] established a model for the prediction of ice lens and frost heave in soils by assuming quasi-steady temperature. O'Neill and Miller [10] established the rigid ice model which can explain the formation and development of ice lenses. Nixon [11] used discrete ice lens theory for frost heave in soils. Cao et al. [12] , based on equilibrium of phase and force, established an ice segregating model for saturated granular soil and gave the numerical simulation results of 1D saturated granular soil freezing process. All these models were without considering the effect of overburden loading. Thomas et al. [13] investigated the thermo-hydro-mechanical behavior of soils and presented a model which could simulate the processes of soil freezing and ice segregation, but the judge criterion for the formation of ice lens is not clear. Zhou and Li [14] established a mathematical model for coupled water, heat, and stress fields. The model can predict temperature, water content, frost heave, and ice lenses but lack experimental verification. A complete frost heave model consists of five parts, coupled water and heat transfers, formation of ice lenses, model parameters determination, solution technique, and experimental verification. Thus, many frost heave models have been proposed in the past to describe this process, but none of them has been generally accepted.
In this paper, a completely frost heave model was presented, and the separating porosity ratio was taken as the judge criterion for the formation of ice lens. A typical process, which coupled water and heat transfer that happened in a saturated freezing soil column, was simulated by the finite element software (COMSOL). Using indoor one-dimension frost heave experiments, we demonstrate the reliability of the mathematical model. Through the numerical simulation, we analyzed the dynamic balance between the frost heave amount and overburden pressure and temperature gradient. The main objective of this study is to develop an effective method to estimate frost heave amount for engineering purposes.
System of Theoretical Model
Mathematical description of frost heave requires modeling of heat transfer, water migration, and ice lens growth in freezing soil. In the following section, these components are presented.
Basic Assumptions.
Consider a saturated salt-free soil column subjected to an overburden pressure, as shown in Figure 1 . The growing ice lens is included in the frozen zone. The following assumptions are considered to simplify the complex coupling of water, temperature, and stress.
(1) Soil column is elastic, homogenous, and isotropic. (4) Moisture migration obeys Darcy's law and the permeability is constant in the unfrozen area.
Top-down freezing tests for the soil columns were conducted in an open system with overburden pressure, as shown in Figure 1 . The top temperature was lower than the freezing temperature and the bottom temperature was higher than the freezing temperature. At the base plate, there was a tube which was used to supply water from the outside. From Figure 1 , it can be seen that the soil column can be divided into four parts, from top to bottom, which are frozen area, ice lenses, freeze fringe, and unfrozen area, respectively.
In freezing soil, is the volume of ice content, which can be written as [15] 
where is temperature, 0 is the freezing point of pure water, both in Celsius temperature, and is experimental parameter.
Moisture Migration.
Soil water potential is the main power of moisture migration in soil; it consists of many potential energies. In saturate system, soil water potential can be written as
where is water pressure; is gravitational potential. Pore pressure equals the weight sum of pore ice pressure and pore water pressure [10] ; it can be described as
where is a coefficient, which can be expressed as = (1 − ) 1.5 . As it is hard to solve , then the Clapeyron equation is used to describe the relationship among temperature, water pressure, and ice pressure when ice and water coexist in phase equilibrium [16, 17] :
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Rearranging (4), we obtain
where is the latent heat of fusion; and are the absolute pressure of pore water and pore ice, respectively; is Kelvin temperature; 0 is the freezing temperature in Kelvin temperature.
Here,
where and are the gauge pressures of pore water and ice, respectively; is atmospheric pressure; is Celsius temperature.
Substituting (6) into (5),
Uniting (3) and (7), can be eliminated, so pore pressure is expressed as
Ignoring the gravitational potential, the soil water potential can be express as = .
(
From (9), it can be seen that temperature and external pressure are the main factors influencing the moisture migration.
According to the assumptions, we can get the equation of thermal diffusion and water migration. A detail of the deduction process was presented by Zhou and Li [14] .
Equation of thermal diffusion is
Equation of water migration is
Ice Lens Formation.
A stress criterion for initiating a new ice lens is adopted by many researchers [9] [10] [11] to determine when and where a new ice lens forms. O'Neill [18] thought that when the pore pressure exceeded the total pressure, as the effect stress was zero, the ice lens forms. This method considers that in a one-dimensional case the soil skeleton separates and a new ice lens forms when the pore pressure exceeds the sum of the overburden stress and the separation strength of the freezing soil
where sep is separation strength. In this paper, the stress criterion approach defined by (12) has been adopted. For typical freezing situations sep is in the range 20∼150 kPa [11] ; in the paper sep = 50 kPa. It has also been observed that, immediately after a new ice lens is initiated, the local pore pressure falls to the sum of overburden stress and separation strength [11, 19] .
Consequently, we can express por as [14] 
To be able to judge the formation of ice lenses by void ratio directly, the concept of separating void ratio was presented. When the void ratio is greater than or equal to sep , ice grains connect to each other to become integrated and ice lenses begin to form. A judge criterion for the format ion of ice lenses in terms of porosity ratio can be expressed as
Equaling (12) and (13), the critical void ratio sep can be expressed as
Equations (10) and (11) constitute the water-heat transfer equations. Equation (14) can be used to judge whether the ice lens formed or not.
Frost Heave.
According to the soil compression curve, the following formula can be got:
In one dimension, the relationship between strain and porosity ratio can be described as
The relationship between displacement and strain can be written as As the displacement at the bottom of soil column is zero, solving (18), we obtain
Substituting (17) into (19) and gives
Thus, the amount of frost heave can be obtained by the following formula:
Model Experiment Application of Model to Typical Conditions

Equipment and Material of Experiment.
The equipment of experiment was freeze-thaw cycling test chamber. The experimental system contained refrigerating system, temperature control system, water pump system, data collection system, and other assistant facilities. The unidirectional freezing tests were conducted in the open system. The QinghaiTibet clay was used in the experiments and the grain size distribution was shown by Figure 2 . The soils were mixed with distilled water to obtain a water content of 17% and with a dry density of 1.69∼1.71 g/cm 3 . The soil sample was made into columns, 10.1 cm in diameter and 10.0 cm in height. Ten thermistors were placed in the side of the wall of the cylindrical cell to measure the temperature distribution in the soil simple. Before the test, the sample was put into a thermotank with a constant temperature at 3 ∘ C for 24 h to allow the temperature equilibrium. Then the top plate temperature was changed to −3 ∘ C and the base plate temperature was kept at 3 ∘ C. Its side wall was heatisolated and flow-isolated, and a load of 100 kPa was put on the top plate. In order to measure the amount of frost heave, a displacement meter was placed on the top end of the soil sample. Water was applied freely at the warm end. The temperature profile and total heave were monitored by DT80 data collection system, every 5 seconds collected once. Water intake was recorded by manpower. The freezing test lasted for 72 h. Finally, the sample was photographed and cut down into layers with a thickness of 1 cm for water content determination after testing. Figure 3 shows the sketch of experimental apparatus.
Numerical Simulation.
The condition of numerical simulation was the same as experiment. The initial conditions and boundaries were as follows:
, and | =0 = 3 ∘ C. This problem was solved by the COMSOL Multiphysics simulation software; 120 quadric-Lagrange elements were generated, a time step of 3 minutes was adopted, and the total computation time was 72 hours. The soil thermophysical properties were measured in the laboratory. The ice content was given by Tice et al. [15] . The permeability value of thaw was measured in the laboratory. The parameters and their values were shown in Table 1 .
The one-dimensional ice lens growth hypothesis assumes that all the water at the base of the growing ice lens migrates from the unfrozen soil through the partially frozen soil in the frozen fringe. Experiments on the hydraulic conductivity of partially frozen soils have shown that the permeability decreases rapidly as soon as pore ice forms. In freezing soil, hydraulic conductivity was a function of temperature [9, 10] . After the ice lens formed, the ice lens will play a role of aquiclude and the water cannot flow through the ice lens; thus we adjust the hydraulic conductivity as
Here, 0 is the hydraulic conductivity of unfrozen soil; is a coefficient; the suggested value is = −8; is the position where an ice lens forms.
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Results and Discussion
Given the initial conditions, boundaries, and other needed parameters, the equations could be solved. In order to verify the validity of the mathematical model, we took the experiment with the top plate temperature at −3 ∘ C, the bottom temperature at 3 ∘ C, and a load of 100 kPa on the top plate, for example, and compared the simulation results with the experimental results. Figure 4 shows the temperatures measured by the thermistors during the experiment. At time zero, the top temperature was changed to minus and the freezing front began to advance in the sample. From Figure 4 , it can be seen that the temperature changes rapidly at the beginning of freezing time (0∼10 h) and then to a steady level (10∼72 h). It can be seen that temperatures at different positions have the similar change law, but decreasing ratio and cooling amplitude are different ( Figure 4) ; this is similar to results presented by Konrad and Lemieux [20] . The point of 9.5 cm is near the cold side, and at this point temperature decreases rapidly compared to another point. From this, it can be seen that temperature changes more rapidly near the cold side than further away from the cold side. The temperature of cold side needs 10 h to descend to a steady level and the warm side needs about 35 h. This shows the temperature changes to a steady level at different positions need different times; it can be concluded that the further the distance to the cold side is, the more the time the temperature will take to decrease to a steady value is. Furthermore, the temperature at the steady level does not means unchanged, but existed a little fluctuation.
Numerical and Experimental Results Analysis
Temperature Change.
Frost Heave.
When a sudden temperature constant below freezing temperature is applied to the top end of the soil column, unsteady heat flow is formed. As a frozen front advanced into the soil, pore water freezes in situ and unfrozen water is drawn up to the frozen front; then a volume expansion can be generally observed. This phenomenon is known as frost heave. Figure 5 is the frost heave comparison between simulation result and experiment result. In the early stage (0∼ 10 h), the soil sample of experiment is compressed. This phenomenon has two reasons: one is shrinkage deformation which is caused by the temperature, and another is the water that was extracted out from the soil sample caused by the consolidation. Until the unfrozen water phase changes and fulfills the pore, the sample can have an obvious deformation. During the frozen fringe moving, the complex process shrinkage deformation and frost heave still are carried out in the sample. As seen in Figure 4 , almost 10 h, the temperature gradient becomes steady; in the meantime, frost heave amount increases gradually ( Figure 5 ). At the beginning of the test, as the rate of frozen front penetration is high, it does not allow water to migrate and accumulate at a given local for enough time; thus the frost heave amount is small. With the rate of frozen front penetration decreasing, water is allowed to accumulate for enough time and form ice lens. This indicates that the heave due to the freezing of in situ water contributes only a small part of the total heave [19] . Compared to the experimental data with the simulating results, the two frost heave curves have a similar change trend and little difference on value; this shows the proposed model is reliable and the parameters are right.
Ice Lens Distribution.
The freezing tests clearly demonstrated that ice lens growth is not a simple one-dimensional process, but rather more complex. The predicted ice lens distributions are illustrated in Figure 6 ; the white and grey parts of the column represent ice lenses and the soils, respectively. The experimental result of the soil structure after freezing 72 h also shows in Figure 6 . It can be seen that ice strings are distributed horizontally and vertically to the direction of the heat flow (Figure 6 ), which is similar to results presented by Azmatch et al. [21] . From Figure 6 , it can be seen that the position of the ice lens is at the 1/2 height of the soil sample. This is due to the fact that, on one hand, with the increasing of freezing depth, the freezing rate decreases, and it ensures being capable of pumping adequate water from the bottom to form ice lens. On the other hand, with the freezing depth increasing, the velocity of soil heat turnover decreases rapidly and thus is not conducive to form ice lens at a deeper place. Two kinds of reason balance result in this phenomenon.
At the beginning of the test, the freezing front advances downwards rapidly (Figure 4) , due to the high thermal gradient near the cold end, and there is not sufficient time for water migration and formation of visible ice lenses, although ice lenses are initiated. Before 35 h, the height of soil column is increasing, but no visible ice lenses formed. Thus, the cryogenic structure is the massive type. As the rate of the frozen front penetration decreases, as a consequence of the decreasing thermal gradient, water in unfrozen zone has enough time to transfer to frozen zone and form ice crystals. This results in the pore pressure increase. When the pore pressure reaches + sep , a new ice lens is initiated in the frozen fringe according to the stress criterion. As time goes by, larger ice lenses at a greater spacing form progressively in the column and the frost heave increases. The numerical analysis agrees with the experiment results. Such predicted ice lens distributions are consistent with experimental observations in step-freezing tests [22] , whose cold and warm sides are maintained at constant temperatures during the complete test.
Water Content.
Frost heave is a process caused by transfer of water and freezing. Ice lenses grow, fed by the water moving to the frozen fringe from the unfrozen area by the cryogenic suction. The soil sample was photographed and cut down into layers with a thickness of 1 cm to obtain water content after the freezing test. The distribution of water content is shown in Figure 7 . It can be seen that the water content decreases in the unfrozen zone (0∼4 cm) and increases in the frozen zone (4∼ 11.5 cm) (Figure 7 ). Water content is not distributed smoothly along the column; it distributes with vibration. Around the ice lens formed zone (4∼6 cm), water content increases more obviously, thus, the maximum water content concentrate at the height of 4∼6 cm. When a temperature gradient is formed between the frozen and unfrozen zones, a suction gradient develops in the frozen zone in response to any temperature gradient and water migrates from the unfrozen soil through the continuous unfrozen water films into the frozen zone. Due to the large rate of freezing front penetration, less water migrates in the upper area. As the rate of freezing front penetration decreases, more water transferred from the unfrozen area, as a consequence of the increasing water content. This shows that, during the soil freezing process, the process of dehydration in the unfrozen area and water absorption in the frozen area is carried out in the sample.
Water Intake.
As indicated in the previous section, the increase of soil volume is mainly due to the water migration from the unfrozen area of the soil towards the freezing front. Figure 8 shows the result of water intake.
As it can be seen from Figure 8 , water intake does not occur immediately at the beginning of the test; this is what agrees with other results [23] . At 10 h, the temperature gradient becomes steady (Figure 4) , and the soil sample begins to absorb water. At 35 h, flux rate of water intake increases significantly, mainly due to ice lens formed. Flux rate becomes larger and rises up to a peak value before 35 h. With the temperature gradient gradually becoming stabilization, the flux rate decreases, but the water intake is still increasing. Figure 8 shows the simulation results tally well with the experimental results.
Relationship between Frost Heave and Load and Temperature Gradient.
In the preceding section a mathematical model of frost heave and ice lensing in saturated soil was present and verified against the experimental data. Therefore, the model can be used to do a series of calculations with the relevant calculation parameters, in order to analyze the influence of overburden pressure and temperature gradient on frost heave.
Different Temperature with Same Pressure.
We further explore the effect of temperatures on frost heave. When keeping other conditions unchanged, only changing the temperature of top plate, then we can obtain the frost heave amount (Figure 9 ). Frost heaving has an optimum temperature gradient as shown in Figure 9 . When the temperature gradient is under the optimum temperature gradient, the frost heaving amount is increased with increasing temperature gradient. When the temperature gradient is above the optimum temperature gradient, the frost heaving amount is decreased with increasing temperature gradient.
As the temperature gradient increases, as a consequent of increasing rate of water intake, the frost heave increases. In addition, increasing temperature gradient reduces the thickness of frozen fringe and increases frost heave. Continuing to increase temperature gradient, owing to the large rate of freezing front penetration, results in the moisture not being able to migrate in time and generates in situ freeze. Thus, the frost heave amount is smaller. Regardless of the temperature gradient, the frost heaving amount decreases with increasing overburden pressure. Therefore, when using the freezing method for constructions, provided that a reasonable temperature gradient and overburden pressure were applied, frost heave can be effectively controlled. It can reduce the impact on the project as well as the surrounding environment.
Different Pressures with the Same Temperature Gradient.
With the same temperature gradient, the overburden pressure was changed in turns, 0 kPa, 50 kPa, 100 kPa, 200 kPa, and 400 kPa, respectively, and then we can obtain the frost heave amount. The result is shown in Figure 10 .
When the temperature condition is the same, the frost heaves under different pressures are different (Figure 10 ). At the first part of the curve, increasing the overburden pressures can decrease the frost heave amount obviously. But, in the second part of the curve, the increasing of overburden pressure does not have an obvious function to decrease the frost heave amount. Thus, in a practical application, we should consider the real situation and allow the frost heave to exist. In a word, the frost heave decreases with increasing overburden pressure, but different temperature has a different changing rate. The effect of overburden pressure on frost heave was also studied by Penner and Ueda [24] in a series 
where is frost heave amount, mm; is overburden pressure, MPa.
The effect of overburden pressure on frost heave is twofold. Firstly, the pore water pressure beneath the final ice lens is reduced by an amount equal to ( + sep )/((1 − ) + ) (after the ice lens formed, the pore pressure equals the sum of overburden pressure and segregation strength), the rate of water migration and the rate of frost heave were decreased. Secondly, as the overburden pressure increases, the initiation condition of ice lens becomes more difficult (according to (12) ); as a consequent of the thickening frozen fringe, fewer ice lenses formed.
Uniting (23)∼(27), the relationship between frost heave and overburden pressures can be described as
where and are coefficients, relevant to the temperature gradient.
As mentioned above, the value of has a peak value which corresponds to the optimum temperature gradient. So when using the method of fitting, the step function should be applied to describe it.
Conclusions
Based on the law of conservation of mass, the law of conservation of energy, and the static balance condition, a mathematical model of coupled water and heat was established and the model was verified by the experimental results. A series of frost heave tests and numerical simulations have been conducted under different temperature gradients and different overburden pressures. From the above analysis, the following conclusions can be drawn based on this study.
(1) The frost heave model has been verified by the laboratory tests. The compared results have shown that the frost heave amount, temperature, and water intake are generally in agreement with the experimental results and laid the foundation for the calculation of ice lens and frost heave.
(2) Frost heaving has an optimum temperature gradient. Under the threshold, frost heaving amount increases with increasing temperature gradient. Above the threshold value, frost heaving amount decreases with increasing temperature gradient. Frost heaving amount decreases with increasing overburden pressure.
(3) The driving force of moisture migration directly affects the frost heave amount; through adjusting overburden pressure and temperature gradient, driving force can be decreased, thereby decreasing the moisture migration amount. Thus, the frost heave can be effectively controlled.
(4) The focus in this work has been on ice lens and frost heave characteristics in porous media. Freeze-thaw action, which is also referred to as ice lens growth or frost shattering. Frost damage is mainly caused by crack propagation under frost heaving force. Thus, much of the frost damage that occurs in crack rocks and other cohesive materials can be traced to the same underlying physical mechanisms.
